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Abstract

A new energy balance equation is proposed to evaluate the effective moduli of solids with randomly dispersed
cracks. In this study, it is assumed that the potential energy released by embedding a circular or spherical RVE with
microcracks into an infinite matrix is equal to that induced by introducing its effective medium into the identical
infinite matrix. New non-interacting and self-consistent solutions for the effective moduli of linear elastic isotropic
solids with randomly oriented microcracks were evaluated on the basis of the present energy balance equation. The
linearization of the two present solutions leads to the dilute solution in the limit of small crack density. Comparison
studies with various existing solutions are also presented in detail. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Many approximate schemes for determining effective moduli of cracked solids have been proposed in
literature. Bristow (1960) was the first to obtain a non-interacting solution for microcracked solids. The
self-consistent method for inhomogeneous materials (Hershey and Dahlgren, 1954; Kroner, 1958; Hill,
1965; Budiansky, 1965) was used to calculate the effective moduli of solids with random cracks by
Budiansky and O’Connell (1976) and it was further explored by many researchers (Hoenig, 1979; Horii
and Nemat-Nasser, 1983; Horii and Nemat-Nasser, 1990; Gottesman et al., 1980; Laws et al., 1983;
Laws and Brockenbrough, 1987; Laws and Dvorak, 1987; Sumarac and Krajcinovic, 1987; Sumarac and
Krajcinovic, 1989; Krajcinovic and Sumarac, 1989; Ju, 1991; Ju and Lee, 1991; Lee and Ju, 1991).
Kachanov (1987) developed a numerical method to compute the effective moduli of cracked solids.
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Kachanov (1992, 1994) also evaluated various existing approximate models based on his numerical
results. Huang et al. (1996) presented the numerical solutions. The generalized self-consistent method for
composite materials (Christensen and Lo, 1979) was adopted for cracked solids by Aboudi and
Benveniste (1987) and Huang et al. (1994). Aboudi and Benveniste (1987) embedded a crack in a
circular matrix that, in turn, was put into an effective medium and Huang et al. (1994) explored an
elliptical (2-D) or an ellipsoidal (3-D) matrix. Hashin (1988) also evaluated the effective moduli of
microcracked solids using the differential method (Roscoe, 1952, 1973; McLaughlin, 1977; Norris, 1985;
Laws and Dvorak, 1987). The Mori-Tanaka method (Mori and Tanaka, 1973) was utilized for
microcracked solids by Zhao et al. (1989) and Benveniste (1986).

In this study, a new energy balance equation is proposed. In addition, new non-interacting and self-
consistent solutions for the effective elastic moduli of solids with randomly oriented microcracks are
presented.

2. A new energy balance equation for microcracked solids

As shown in Fig. 1(a,b), the circular (2-D) or spherical (3-D) RVE with microcracks in the infinite matrix
and its effective medium in the infinite matrix are considered. In the present study, it is assumed that the
potential energy released by embedding the circular or spherical RVE with microcracks into the infinite
matrix is equal to that induced by introducing its effective medium into the identical infinite matrix:

Afeffective = Afmicro 5 ( 1 )

where Afefective and Afmicro are the potential energies released by the effective medium and the
microcracks embedded in the infinite matrix, respectively. Afigeciive Can be obtained by Eshelby’s method
as (Eshelby, 1957)

1 _ —1
Afctiective = EAGOI[COZ(C —Co) :Co + Cp:Sy] i, (2

where o are the far-field stresses, C and C, are the effective elastic stiffness tensor of the microcracked

solid and the elastic stiffness tensor of the matrix, respectively; 4 denotes the area of the circular RVE
for 2-D problems, which also denotes the corresponding sub-region in terms of the context; S, is
Eshelby’s tensor associated with the Poisson’s ratios of the matrix and the circular cylinder region.

Af effective

(b)

Fig. 1. A new energy balance for the analysis of effective moduli of microcracked solids.
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Subsequently, Eqgs. (2) and (1) yield a new energy balance equation:
1 ~1
EAcs":[coz(c —Co) 1:Co 4 Co:So] ™ :6° = Afpmicro- 3)

The solutions for effective shear and bulk moduli of elastic isotropic solids with randomly oriented
cracks can be evaluated using Eq. (3).

Consider the microcracked solid under two remote loading conditions such as plane hydrostatic stress
oy with o%,; = 0§y (x=1, 2; f=1, 2) and in-plane pure shear o¢; with ¢, = —0(;y = of; and other
‘T%a/; = 0. The effective medium is taken as isotropic. Then two independent equations for the effective
plane bulk modulus K and the effective shear modulus G of the microcracked solid can be obtained
from Eq. (3) as

1 K- K, R
2Ky Ko+ (K= Ko) (o9

1
2 Z Af micro (4)

and

1 6-G 1
2Gy Gy + n(G — Gy) (a2)

1
2 ZAfmicrO’ (5)

where Ky= Ey/[2(1 +vo)(1=2vq)] and Gy= Ey/[2(1 +Vvy)] denote the plane strain bulk and shear moduli of
the matrix, respectively; Ey and vy are the Young’s modulus and Poisson’s ratio of the matrix; =1/
[2(1=vp)], n=(3—4vy)/[4(1—Vvy)] for 2-D plane strain problems. Similarly, the solutions for 3-D problems
can be evaluated by replacing the circular RVE with the spherical RVE. Eshelby’s tensor Sy will then be
associated with Poisson’s ratios of the matrix and the spherical region, and &=(1+vg)/[3(1—Vvy)],
1= (8=10vo)/[15(1—=vo)].

Note that Af o In the present energy balance equation (Egs. (3)—(5)) is the potential energy release
by embedding the circular or spherical RVE containing microcracks into the infinite matrix.

3. Non-interacting approximation

It is difficult to solve microcrack-interaction problems exactly. However, Afnicro can be easily
evaluated based on the approximation of non-interacting cracks. The potential energy release Afiicro
induced by embedding cracks into the circular sub-region of the infinite matrix is approximated as the
sum of the potential energy releases induced by each single crack. Consequently, Afnicro for 2-D and 3-
D isotropic problems can be written as (Kachanov, 1992, 1994)

T[
Afmicro =—A4 <F ) Pagﬂg (6)
0

and

- 8(1—v3) Vo o 0 Yo 02
Amicr():_Vi - — i%7i — 1A s
f 9(1 — VO/2)E0p|:< 5 )O—UO-U 10(Okk) } (7)

where V is the volume of the spherical RVE and Ej = Ey/(1 — v}).
The conventional non-interacting solution for effective moduli of microcracked solids is (Bristow,
1960)
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K 1—V0
Ko_l/<l+1—2"onp)’ ®)

G
o= 1/[1+ (1 = vo)mp] ©)
0
and
K 16 1 —vj }
E‘l/[“rm—zvop’ (10)

G . 16 l—V() Vo
o=/l oiman(-5)) "

Note that the approximation of small crack density is not equivalent to the approximation of the
non-interacting cracks (Kachanov, 1992, 1993).

Substituting Egs. (6) and (7) into the present energy balance equations (Egs. (4) and (5)) yields a new
non-interacting solution for 2-D and 3-D problems

K 1—V0 T

o=t/ i/ (3)] 2
G

G0=1/|:1+(1—v0)7rp/<1—2p>:| (13)

and
K |
K _ i , (14)
Kooy 161z /[1—2(1+v)}
9 1—2v" 27 0)p
1
¢ (15)

Go . 16 1—v Vo 16 7—5vy '
I+ ——(1-— l————F—(1—-w/5
9 1—v0/2< 5)”/[ 351 w20 ¥/ )p}
Note that the linearization of the present non-interacting solutions of Egs. (12)—(15) leads to the
dilute solution.

4. Self-consistent approximation

The non-interacting approximation completely neglects the interactions among cracks while the self-
consistent method (SCM) takes account for the interactions. The conventional self-consistent solution
for 2-D and 3-D problems are (Budiansky and O’Connel, 1976; Huang et al., 1996)

Kfo = (1 = 2v0)(1 — 1p)/(1 — 2o + vorp), (16)
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G
gz(l—np)/(1+vOnp) (17)
0
and
K 161 —v2
i I 1
Ko 91—2" (18)
G 16 1—v 1%
=]l (1-= 1
Go 91-—w2< 5)“ (19
with

45 Vo—v)2—-vV)
P =160 —v)[10vo — v(1 + 3vo)]°

(20)

The basic idea of the self-consistent method (Budiansky and O’Connel, 1976) is utilized to calculate
the Afmicro 1n the right-hand-side of the present energy balance equations (Egs. (4) and (5)). Budiansky
and O’Connel (1976) assumed that each crack was embedded into the infinite effective medium to
consider the interactions among cracks. However, as shown in Fig. 2(b), the present self-consistent
method takes the circular or spherical RVE as the unknown effective media, where each crack is
embedded into it. Since the cracks are very small compared with the size of the RVE, it is assumed that
they are surrounded by the infinite effective media as shown in Fig. 2(c,d). Consequently, ohy on the

© @

Fig. 2. The present self-consistent method for effective moduli of microcracked solids
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interface between the RVE and the infinite matrix become the boundary stresses in Fig. 2(c,d), and can
be calculated by Eshelby’s method (Eshelby, 1957; Mura, 1982)

- o B
opye = C:[T+ 80:Cy':(C — Cp)] :Cy i (21)
When the plane hydrostatlc (2- D) or hydrostatic (3-D) stresses 02 =0 5,, or in-plane pure shear
stresses 9, = —a9, = 1* and other oU = 0 are applied, the boundary stresses become O'ORVE = oypdi or

O'ORVEU —0ORvE,, = TRye and other ajyp = 0, respectively. In this case, ojyg and Tpyg can be explicitly
obtained from Eq (21) as

K
0 _ 0 22
IRVE = K TTHK — Ko) 22)

and
0 G 0 (23)

T = =+ 71
RVE™ Gy + (G — Gy)

By replacing E, and v, with those of the effective medium and o° with oYy in the right-hand-sides of
Eqgs. (6) and (7), Afmicro, given by the present self-consistent method, can be obtained for 2-D as

Afmicro = _A(TC/Q’E ' )pGORVE[/ U%VEU (24)
and for 3-D as
8(1 —v?) v\ o 0 Vo[ o 2
Afmicro = — V9(1—\//2)Ep|:(1 - S)O-RVE,-,GRVE,-,- - E(GRVE/</<> : (25)

Then by substituting Eqgs. (24) and (25) with Egs. (22) and (23) into Egs. (4) and (5), the bulk and
shear moduli of 2-D and 3-D microcracked solids can be written as

K=1- %[1 7 —lzvog] L+ 1201 igvo)](zr%— 0 (26)
G=1- %[ P =2z L+(3 —4v0)/[4G_(1 “WIG - 1) @)

and
R=1-5; :;v T4+ (1+ vo)/[sl(%l — K= 1) 9
G=1- 19*6’”11—%;2( VTS 10v0)/[1G_5(1 VNG —1) @)
- <1€— 11 +2vV0° ) JQK + lljrzvvoo G), (30)

where K = Kﬁo and G = G% are the normalized effective plane strain bulk and shear moduli for 2-D
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Fig. 3. Effective plane strain bulk moduli for the 2-D case
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problems or the normalized effective bulk and shear moduli for 3-D problems; and vy and v are the
Poisson’s ratios of the matrix and the effective medium. The equations can be solved numerically and
the present self-consistent solutions are reduced to the dilute solution after the linearization in the limit

of small crack density.

5. Results and discussion

The new non-interacting and self-consistent solutions for effective moduli of 2-D and 3-D
microcracked solids are evaluated and plotted in Figs. 3—-6. The present solutions are also compared

with various existing results.

The present non-interacting solutions are quite different from the conventional non-interacting
solutions. However, as shown in Figs. 3 and 4, the present non-interacting solutions for the bulk and
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Fig. 4. Effective shear moduli for the 2-D case
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Fig. 5. Effective bulk moduli for the 3-D case

shear moduli agree well with the numerical results by Huang et al. (1996) up to the crack density p=0.2
and 0.6, respectively. Physically, if p — oo, the effective moduli of the RVE should be zero. For high
crack density, it can be seen that the bulk and shear moduli become zero at the cut-off points p=2/n
and p=4/n for 2-D case and at p ~ 0.65 and p ~ 1.39 with v, =0.3 for the 3-D case, respectively. In the
present non-interacting solution, the neglected inter-crack interactions yield the cut-off points.

The drawback of the present non-interacting solution can be overcome by considering the inter-crack
interactions. The present self-consistent solution accounts for the inter-crack interactions by considering
the RVE with each crack as the unknown effective medium. As depicted in Figs. 5 and 6, the present
self-consistent solution for plane strain bulk moduli shows an excellent agreement with the numerical
results by Huang et al. (1996). However, the discrepancy is observed between the present self-consistent
solution and their numerical results for shear moduli. The results show that the present non-interacting
solution is generally lower than the present self-consistent solution. However, for shear moduli, both
solutions cross each other.
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Fig. 6. Effective shear moduli for the 3-D case
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6. Conclusions

Based on the present energy balance equation proposed in the present study, two new approximate
models such as non-interacting and self-consistent solutions are presented. The present self-consistent
solution accounts for the inter-crack interactions by considering the RVE around each crack as the
unknown effective medium. The present non-interacting solution shows the cut-off points for very high
crack densities.

Acknowledgements

The authors would like to express their sincere gratitude to Professor Mark Kachanov at Tufts
University USA for his valuable comments and discussion.

References

Aboudi, J., Benveniste, Y., 1987. The effective moduli of cracked bodies in plane deformations. Eng. Fracture Mech. 26, 171-184.

Benveniste, Y., 1986. On the Mori-Tanaka method in cracked bodies. Mech. Res. Comm. 13, 193-201.

Bristow, J.R., 1960. Microcracks and the static and dynamic elastic constants of annealed and heavily conventional-worked metals.
British J. Appl. Phys. 11, 81-85.

Budiansky, B., 1965. On the elastic moduli of some heterogeneous material. J. Mech. Phys. Solids 13, 223-227.

Budiansky, B., O’Connell, R.J., 1976. Elastic moduli of a cracked solid. Int. J. Solids Struc. 12, 81-97.

Christensen, R.M., Lo, K.H., 1979. Solutions for effective shear properties in three phase sphere and cylinder models. J. Mech.
Phys. Solids 27, 315-330.

Eshelby, J.D., 1957. The determination of the elastic field of an ellipsoidal inclusion and related problems. Proc. R. Soc. Lond.
Series A 241, 376-396.

Gottesman, T., Hashin, Z., Brull, M.A. 1980. Effective elastic moduli of cracked fiber composites. In: Bunsell, J. (Ed.), Advances
in Composite Materials, Proc. ICCM 3. Pergamon Press, Oxford, pp. 749-758.

Hashin, Z., 1988. The differential scheme and its application to cracked materials. J. Mech. Phys. Solids 36, 719-734.

Hershey, A.V., Dahlgren, V.A., 1954. The elasticity of an isotropic aggregate of an anisotropic cubic crystals. J. Appl. Mech. 21,
236-241.

Hill, R., 1965. A self-consistent mechanics of composite materials. J. Mech. Phys. Solids 13, 189-198.

Hoenig, A., 1979. Elastic moduli of a non-randomly cracked body. Int J. Solids & Struct. 15, 137-154.

Horii, H., Nemat-Nasser, S., 1983. Overall moduli of solids with microcracks: Load-induced anisotropiy. J. Mech. Phys. Solids 31,
155-175.

Horii, H., Nemat-Nasser, S. 1990. Mechanical properties of cracked solids: Validity of the self-consistent method. In: Weng, G.J.,
Taya, M., Abe, H. (Eds.), Micromechanics and Inhomogeneity. Springer—Verlag, New York, pp. 137-159.

Huang, Y., Hu, K.X., Chandra, A., 1994. A generalized self-consistent mechanics methods for microcracked solids. J. Mech. Phys.
Solids 42, 1273-1291.

Huang, Y., Chandra, A., Jiang, Z.Q., Wei, X., Hu, K.X., 1996. The numerical calculaiton of two-dimensional effective moduli for
microcracked solids. Int. J. Solids Struc. 33, 1575-1586.

Ju, JW., 1991. On two-dimensional self-consistent micromechanical damage models for brittle solids. Int. J. Solids Struct. 27, 227—
258.

Ju, J.W., Lee, X., 1991. On three-dimensional self-consistent micromechanical damage models for brittle solids. Part I: Tensile
loading. J. Eng. Mech., ASCE 117, 1495-1515.

Kachanov, M., 1987. Elastic solids with many cracks: a simple method of analysis. Int. J. Solids Struc. 23, 23-43.

Kachanov, M., 1992. Effective elastic properties of cracked solids: critical review of some basic concepts. Appl. Mech. Rev. 45,
304-335.

Kachanov, M., 1993. On the effective moduli of solids with cavities and cracks cracked. Appl. Mech. Rev. 45, 304-335.

Kachanov, M., 1994. Elastic solids with many cracks and related problems. Int. J. Fracture 59, R17-R21.

Krajcinovic, D., Sumarac, D., 1989. A mesomechanical model for brittle deformation processes: Part 1. J. Appl. Mech. 56, 51-57.

Kroner, E., 1958. Berechnung der elastichen Konstanten des Vielkristalls aus den Konstantan des Einkristalls. Z. Phys. 151, 504
518.



3534 L. Shen, S. Yi| International Journal of Solids and Structures 37 (2000) 3525-3534

Lee, X., Ju, JW., 1991. On three-dimensional self-consistent micromechanical damage models for brittle solids. Part II:
Compressive loading. J. Eng. Mech., ASCE 117, 1516-1537.

Laws, N., Dvorak, G.J., Hejazi, M., 1983. Stiffness changes in unidirectional composites caused by crack systems. Mech. of Mater.
2, 123-137.

Laws, N., Brockenbrough, J.R., 1987. The effect of microcrack systems on loss of stiffness of brittle solids. Int. J. Solids & Struct.
23, 1247-1268.

Laws, N., Dvorak, G.J., 1987. The effect of fiber breaks and aligned penny-shaped cracks on the stiffness and energy release rates
in unidirectional composites. Int. J. Solids. & Struct. 23, 1269-1283.

McLaughlin, R., 1977. A study of the differential scheme for composite materials. Int. J. Engng. Sci. 15, 237-244.

Mori, T., Tanaka, K., 1973. Average stress in matrix and average elastic energy of materials with misfitting inclusions. Acta
Metallurgica 21, 571-574.

Mura, T., 1982. Micromechanics of Defects in Solids. Martinus Nijhoff, The Hague.

Norris, A.N., 1985. A differential scheme for the effective moduli of composites. Mech. Mater. 4, 1-16.

Roscoe, R.A., 1952. The viscosity of suspensions of rigid spheres. Brit. J. Appl. Phys. 3, 267-269.

Roscoe, R.A., 1973. Isotropic composites with elastic or viscoelastic phases: General bounds for the moduli and solutions for
special geometries. Rheol. Acta 12, 404-411.

Sumarac, D., Krajcinovic, D., 1987. A self-constent model for microcrack-weakened solids. Mech. Mater. 6, 39-52.

Sumarac, D., Krajcinovic, D., 1989. A mesomechanical model for brittle deformation processes: Part II. J. Appl. Mech. 56, 57-62.

Zhao, Y.H., Tandon, G.P., Weng, G.J., 1989. Elastic moduli for a class of porous materials. Acta Mechanica 76, 105-130.



